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MEASURABLE BUNDLES OF BANACH ALGEBRAS
INOMJON GANIEV, FARRUKH MUKHAMEDOV,
AND KARIMBERGEN KUDAYBERGENOV
Abstract. In the present paper we investigate Banach–Kantorovich algebras
over faithful solid subalgebras of algebras measurable functions. We prove that any
Banach–Kantorovich algebra over faithful solid subalgebras of algebra measurable
functions represented as a measurable bundle of Banach algebras with vector-
valued lifting. We apply such representation to the spectrum of elements Banach–
Kantorovich algebras.
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Mazur Theorem.
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1. Introduction
It is known that the theory of Banach bundles stemming from paper [17], where
it is was shown that such a theory had vast applications in analysis. The study of
Banach lattices in terms of sections of continuous Banach bundles has been started
by Giertz (see [12]). Later Gutman [13] created the theory of continuous Banach
bundles and measurable Banach bundles admitting lifting [14]. A portion of the
Gutman’s theory was specified in the case of bundles of measurable Banach lattices
by Ganiev [7] and Kusraev [16].
Nowadays the methods of Banach bundles has many applications in the operator
algebras [1, 2, 6]. In [8] it was considered C∗-algebras over ring of all measurable
functions and it has been shown that any C∗-algebra over a ring measurable functions
can be represented as a measurable bundle of C∗-algebras. Some application of this
representation to ergodic theorems have been studied in [11].
It is known [19] that one of the important results in the theory of C∗-algebras
is the Gelfand–Naimark’s theorem, which describes commutative C∗-algebras over
the complex field C as an algebra of complex valued continuous functions defined
on the set of all pure states of given C∗-algebra. In [3] it has been proved a vector
version of the Gelfand–Naimark’s theorem for commutative C∗-algebras over a ring
measurable functions. GNS-representation for such C∗-algebras was obtained in [4]
.
In section 2 we consider a Banach–Kantorovich algebra over a faithful solid sub-
algebras of the algebra measurable functions. We prove a Banach–Kantorovich al-
gebra over a faithful solid subalgebras represented as measurable bundle of banach
algebras. Note that in [10] C∗-algebras over ideals of L0 have been considered.
In section 3 we prove a vector version of the Gelfand–Mazur’s theorem.
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2. Measurable bundles of Banach algebras
Let (Ω,Σ, µ) be a measure space with a finite measure µ and let L0(Ω) be the
algebra of equivalence classes of all complex measurable functions on Ω. Let L∞(Ω)
be the algebra of all equivalence classes of bounded complex measurable functions
on Ω with the norm ‖fˆ‖L∞(Ω) = inf{α > 0 : |fˆ | ≤ α1}, here 1 is the unit function,
i.e. 1(ω) = 1 for all ω ∈ Ω.
A complex linear space X is said to be normed by L0(Ω) if there is a map ‖ · ‖ :
X → L0(Ω) such that for any x, y ∈ X, λ ∈ C the following conditions are fulfilled:
(1) ‖x‖ ≥ 0; ‖x‖ = 0⇔ x = 0;
(1) ‖λx‖ = |λ|‖x‖;
(3) ‖x+ y‖ ≤ ‖x‖+ ‖y‖.
The pair (X, ‖·‖) is called a lattice-normed space over L0(Ω). A lattice-normed space
X is called d-decomposable if for any x ∈ X with ‖x‖ = λ1+λ2, 0 ≤ λ1, λ2 ∈ L
0(Ω),
λ1λ2 = 0 there exist x1, x2 ∈ X such that x = x1 + x2 and ‖xk‖ = λk, k = 1, 2.
A net (xα) in X is (bo)-converging to x ∈ X, if ‖x − xα‖
(o)
−→ 0 (note that
the order convergence in L0(Ω) coincides with convergence almost everywhere). A
lattice-normed space X which is d-decomposable and complete with respect to (bo)-
convergence is called a Banach-Kantorovich space. It is known that every Banach-
Kantorovich space X over L0(Ω) is a module over L0(Ω) and ‖ax‖ = |a|‖x‖ for all
a ∈ L0(Ω), x ∈ X (see [15]).
Let E be a faithful solid subalgebra in L0(Ω), i.e. the inequality |x| ≤ |y| implies
x ∈ E for arbitrary x ∈ L0(Ω), y ∈ E and E⊥ = {0}. Note that one has L∞ ⊂ E ⊂
L0(Ω). Consider an arbitrary algebra U over the field C such that U is a module
over E, i.e. (au)v = a(uv) = u(av) for all a ∈ E, u, v ∈ U . Consider E-valued norm
‖ · ‖ on U which endows U with Banach–Kanorovich structure, in particularly, one
has ‖au‖ = |a|‖u‖ for all a ∈ E, u ∈ U .
An algebra U is called Banach–Kantorovich algebra over E, if for every u, v ∈ U
one has ‖uv‖ ≤ ‖u‖‖v‖. If U is a Banach–Kantorovich algebra over E with unit
e such that ‖e‖ = 1, where 1 is the unit in E, then U is called unital Banach–
Kantorovich algebra.
Example. Let us provide an example of Banach–Kantorovich algebra over E.
To do this, let us recall some definitions taken from [4]. Consider a modulus A
over E, here as before, E stands for faithful solid subalgebra of L0(Ω). A mapping
〈·, ·〉 : A × A 7→ E is called E-valued inner product, if for every x, y, z ∈ A, l ∈ E
one has 〈x, x〉 ≥ 0; 〈x, x〉 = 0 if and only if x = 0; 〈x, y〉 = 〈y, x〉; 〈lx, y〉 = l〈y, x〉;
〈x+ y, z〉 = 〈x, z〉 + 〈y, z〉.
If 〈·, ·〉 : A × A 7→ E is a E-valued inner product, the formula ‖x‖ =
√
〈x, x〉
defines a d-decomposable E-valued norm on A. Then the pair (A, 〈·, ·〉) is called
Hilbert-Kaplansky modules, if (A, ‖ · ‖) is BKS over E. Let A and F be BKS over E.
An operator T : A→ F is called E-linear, if one has T (αx+ βy) = αT (x) + βT (y)
for every x, y ∈ A, α, β ∈ E. A linear operator T is called E-bounded if there exists
c ∈ E such that ‖T (x)‖ ≤ c‖x‖ for every x ∈ A. For E-linear and E-bounded
operator T one defines ‖T‖ = sup{‖T (x)‖ : ‖x‖ ≤ 1}, which is a norm of T (see
[15]).
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Now let A be a Hilbert-Kaplansky modulus over E. By B(A) we denote the set of
E-linear, E-bounded operators on the Hilbert-Kaplansky modules A over E. Then
B(A) is a Banach-Kantorovich algebra over E.
We shall consider a map X : Ω→ X(ω), where X(ω) 6= {0}, is a Banach algebra
for all ω ∈ Ω. A function u is called a section of X if it is defined on Ω almost
everywhere and takes a value u(ω) ∈ X(ω) for all ω ∈ dom u, where dom u is the
domain of u. Let L be some set of sections.
A pair (X , L) is called a measurable bundle of banach algebras, if
(1) λ1c1 + λ2c2 ∈ L for all λ1, λ2 ∈ C, c1, c2 ∈ L, where λ1c1 + λ2c2 : ω ∈
dom c1 ∩ dom c2 → λ1c1(ω) + λ2c2(ω);
(2) the function c : ω ∈ dom c→ ‖c‖X(ω) is measurable for all c ∈ L;
(3) the set {c(ω) : c ∈ L, ω ∈ dom c} is dense in X(ω) for all c ∈ L;
(4) uv ∈ L for all u, v ∈ L, where uv : ω ∈ dom (u) ∩ dom (v)→ u(ω)v(ω).
A section s is called simple, if there exists ci, Ai ∈ Σ, i ∈ 1, n such that
s(ω) =
n∑
i=1
χAici.
A section u is called measurable if there exists a sequence (sn)n∈N of simple sections
such that ‖sn(ω)− u(ω)‖X(ω) → 0 for almost all ω ∈ Ω. We denote by M(Ω,X ) the
set of all measurable sections and L0(Ω,X ) denotes the factorization of this set with
respect to equality almost everywhere. By uˆ we denote the class from L0(Ω,X ),
containing section u ∈ M(Ω,X ). A function ω → ‖u(u(ω)‖X(ω) is measurable for
all u ∈ M(Ω,X ). By ‖uˆ‖ we denote the element in L0(Ω), containing the function
‖u(ω)‖X(ω). For uˆ, vˆ ∈ L
0(Ω) we put uˆ · vˆ = ̂u(ω) · v(ω).
Set
E(Ω,X ) = {x ∈ L0(Ω,X ) : ‖x‖ ∈ E}.
It is known [14] that E(Ω,X ) is a Banach–Kantorovich space over E. Since X(ω) is
a Banach algebra we get
‖uˆvˆ‖(ω) = ‖u(ω)v(ω)‖X(ω) ≤ ‖u(ω)‖X(ω)‖v(ω)‖X(ω)
= ‖u(ω)‖X(ω)‖v(ω)‖X(ω) = ‖uˆ‖‖vˆ‖(ω)
for almost all ω ∈ Ω. Thus ‖uˆvˆ‖ ≤ ‖uˆ‖‖vˆ‖. Hence, (E(Ω,X ), ‖ · ‖) is a Banach–
Kantorovich algebra over E.
So, we obtain the following
Proposition 2.1. If X is a measurable bundle of Banach algebras, then (E(Ω,X ), ‖·
‖) is a Banach–Kantorovich algebra over E.
Let L∞(Ω) be the set of all bounded measurable functions on Ω with the norm
‖f‖L∞(Ω) = inf{α > 0 : |f(ω)| ≤ α for almost all ω ∈ Ω}.
As before, by L∞(Ω) stands for the algebra of all equivalence classes of bounded
complex measurable functions on Ω with the norm
‖fˆ‖L∞(Ω) = inf{α > 0 : |fˆ | ≤ α1}.
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Set
L∞(Ω,X ) = {u ∈M(Ω,X ) : ‖u(ω)‖X(ω) ∈ L
∞(Ω)}
and
L∞(Ω,X ) = {uˆ ∈ L0(Ω,X ) : ‖uˆ‖ ∈ L∞(Ω)}.
One can define the spaces L∞(Ω,X ) and L∞(Ω,X ) with real-valued norms ‖u‖L∞(Ω,X ) =
sup
ω∈Ω
|u(ω)|X(ω) and ‖uˆ‖∞ =
∥∥∥∥‖uˆ‖
∥∥∥∥
L∞(Ω)
, respectively.
It is known [14], [15] that there is a homomorphism p : L∞(Ω)→ L∞(Ω) being a
lifting such that
1. p(fˆ) ∈ fˆ and dom p(fˆ) = Ω;
2. ‖p(fˆ)‖L∞(Ω) = ‖fˆ‖L∞(Ω).
The homomorphism p is usually called a lifting from L∞(Ω) to L∞(Ω).
The map ℓX : L
∞(Ω,X )→ L∞(Ω,X ) is called a vector-valued lifting (associated
with p), if for all uˆ, vˆ ∈ L∞(Ω,X ) and a ∈ L∞(Ω) the following conditions are
satisfied:
1. ℓX (uˆ) ∈ uˆ, dom (ℓX (uˆ)) = Ω;
2. ‖ℓX (uˆ)(ω)‖X(ω) = p(‖uˆ‖)(ω);
3. ℓX (uˆ+ vˆ) = ℓX (uˆ) + ℓX (vˆ);
4. ℓX (auˆ) = p(a)ℓX (uˆ);
5. ℓX (uˆvˆ) = ℓX (uˆ)ℓX (vˆ);
6. for every ω ∈ Ω the set {ℓX (uˆ)(ω) : uˆ ∈ L
∞(Ω,X )} is dense in X(ω).
Let X and Y be measurable bundles of banach algebras over Ω. Assume that
for each ω ∈ Ω the mapping Hω : X(ω) → Y (ω) is an injective homomorphism of
banach algebras. A mapping H : ω → Hω is called inclusion of X into Y if one has
{Hω(u(ω)) : u ∈M(Ω,X )} ⊂M(Ω,Y).
If {Hω(u(ω)) : u ∈ M(Ω,X )} = M(Ω,Y) the inclusion H is called isomorphism
from X onto Y . In this case, the bundles X and Y are called isomorphic.
Theorem 2.2. For every Banach–Kantorovich algebra U over E there exists a
unique (up to isomorphism) measurable bundle of banach algebras (X , L) with a
vector-valued lifting ℓX such that U is isometrically isomorphic to E(Ω,X ), and one
has
{ℓX (x)(ω) : x ∈ L
∞(Ω,X )} = X(ω)
for all ω ∈ Ω. Moreover, if U is a unital algebra, then X(ω) is also a unital algebra
for all ω ∈ Ω.
Proof. Put
Ub = {u ∈ U : ‖u‖ ∈ L
∞(Ω)}.
It is clear that Ub is an L
∞(Ω)-module and (bo)-complete in U .
On the other hand, Ub is a Banach algebra with respect to the norm
‖u‖∞ = ‖‖u‖‖L∞(Ω), u ∈ Ub.
Define a seminorm αω on Ub by αω(u) = p(‖u‖)(ω) for all ω ∈ Ω, where p is the
lifting on L∞(Ω). Set
Iω = {u ∈ Ub : αω(u) = 0}.
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Let us consider a sequence (un)n∈N in Iω such that ‖un− u‖∞ → 0 for some u ∈ Ub.
Then
αω(u) ≤ αω(un − u) + αω(un) ≤ ‖un − u‖∞ → 0.
Therefore, u ∈ Iω. It is clear that λ1u + λ2v ∈ Iω for all u, v ∈ Iω, λ1, λ2 ∈ C. For
u ∈ Iω, v ∈ Ub one gets
αω(u · v) = p(‖u · v‖)(ω) ≤ p(‖u‖)(ω)p(‖v‖)(ω) = αω(u)p(‖v‖)(ω) = 0,
i.e. u · v ∈ Iω. Hence, Iω is a closed ideal in (Ub, ‖ · ‖∞).
Let X(ω) = Ub/Iω be a factor-algebra and iω : Ub → X(ω) be the natural homo-
morphism from Ub onto X(ω). Then X(ω) is a banach algebra with respect to the
norm
‖iω(u)‖
0
ω = inf{‖v‖∞ : u− v ∈ Iω}, u ∈ Ub, ω ∈ Ω.
Let ‖ · ‖ω be the norm on X(ω) generated by the seminorm αω, i.e. ‖iω(u)‖ω =
αω(u), u ∈ Ub for all ω ∈ Ω.
Let us show that
‖iω(u)‖ω = ‖iω(u)‖
0
ω, u ∈ Ub, ω ∈ Ω.
Indeed, fix ω ∈ Ω and u ∈ Ub. If v ∈ Ub and u− v ∈ Iω, then
‖iω(u)‖ω = αω(u) ≤ αω(v) + αω(u− v) = αω(v) ≤ ‖v‖∞.
Whence ‖iω(u)‖ω ≤ ‖iω(u)‖
0
ω.
To show the converse inequality we take an arbitrary ε > 0. Set
Aε = {ω
′ ∈ Ω : p(‖u‖)(ω′) ≤ αω(u) + ε}
and
πε = χAε , uε = πεu.
Then
(2.1) πε‖u‖ ≤ (αω(u) + ε)πε
and
π⊥ε ‖u‖ ≥ (αω(u) + ε)π
⊥
ε .
The last inequality implies that
p(π⊥ε ‖u‖)(ω) ≥ (αω(u) + ε)p(π
⊥
ε )(ω),
i.e.
p(π⊥ε )(ω)(p(‖u‖)(ω)− αω(u)) ≥ εp(π
⊥
ε )(ω).
Hence, 0 ≥ εp(π⊥ε )(ω) or p(πε)(ω) = 1. Therefore,
αω(u− uε) = αω(π
⊥
ε u) = p(‖π
⊥
ε u‖) =
= p(π⊥ε )(ω)p(‖u‖)(ω) = αω(u) = 0.
Consequently, u− uε ∈ Iω. It follows from (2.1) that
‖uε‖ = ‖πεu‖ = πε‖u‖ ≤ (αω(u) + ε)πε.
This means that ‖uε‖∞ ≤ αω(u) + ε. Since ε > 0 be an arbitrary we get
‖iω(u)‖
0
ω ≤ ‖iω(u)‖ω + ε,
i.e. ‖iω(u)‖
0
ω ≤ ‖iω(u)‖ω.
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Now let us define a mapping X which assigns for each ω ∈ Ω the banach algebra
X(ω). By L we denote the set of all sections of the form ω ∈ Ω : ω → iω(u), where
u ∈ Ub. One can see that (X , L) is a measurable bundle of banach algebras.
Let us consider E(Ω,X ) with E-valued norm ‖ · ‖E(Ω,X ). Let us show that U is
isometrically isomorphic to E(Ω,X ).
For each u ∈ Ub define τ(u) = îω(u). Then for u ∈ Ub and ω ∈ Ω one has
‖iω(u)‖ω = αω(u) = p(‖u‖)(ω).
Hence, ‖îω(u)‖E(Ω,X ) = ‖u‖, and therefore, τ is an isometry from Ub into L
∞(Ω,X ).
Since τ(Ub) contains the set of all simple sections then τ is isometry from Ub onto
L∞(Ω,X ). Moreover, we have
τ(u · v) = ̂iω(u · v) = ̂iω(u)iω(v) = îω(u)îω(v) = τ(u)τ(v).
So, τ is an isometrically isomorphism from Ub onto L
∞(Ω,X ). Since Ub is (bo)-
complete in U we obtain that τ can be extended up to isometrically isomorphism
from U onto E(Ω,X ). Besides, it is clear that τ preserves the multiplication, i.e. τ
is an isomorphism of algebras U and E(Ω,X ).
Now let us establish that (X , L) is a measurable bundle with a vector-valued
lifting. Define a mapping ℓX : L
∞(Ω,X )→ L∞(Ω,X ) by
ℓX (uˆ)(ω) = iω(τ
−1(uˆ)), uˆ ∈ L∞(Ω,X ).
Since iω(τ
−1(uˆ)) is defined for all ω ∈ Ω, then dom (lX(uˆ)) = Ω. For uˆ ∈ L
∞(Ω,X )
and ω ∈ Ω one has
p(‖uˆ‖)(ω) = p(‖τ−1(uˆ)‖)(ω) = αω(τ
−1(uˆ)) = ‖iω(τ
−1(uˆ))‖ω = ‖ℓX (uˆ)(ω)‖ω.
The linearity of ℓX is evident. For uˆ, vˆ ∈ L
∞(Ω,X ) we obtain
ℓX (uˆ · vˆ)(ω) = iω(τ
−1(uˆvˆ)) = iω(τ
−1(uˆ))iω(τ
−1(vˆ)) = ℓX (uˆ)(ω) · ℓX (vˆ)(ω).
According to the construction one gets {ℓX (uˆ)(ω) : uˆ ∈ L
∞(Ω,X )} = X(ω).
Now let us prove the uniqueness of X . Assume that Y is a measurable bundle of
Banach algebras with a vector-valued lifting ℓY such that E(Ω,Y) is isometrically
isomorphic to U .
Let i be an isometrically isomorphism between L∞(Ω,X ) and L∞(Ω,Y). Define
a linear operator
Hω : X(ω)→ Y (ω) (ω ∈ Ω)
by
Hω(ℓX (uˆ)(ω)) = ℓY(i(uˆ))(ω), uˆ ∈ L
∞(Ω,X ).
Then for uˆ ∈ L∞(Ω,X ) we have
‖Hω(ℓX (uˆ)(ω))‖Y (ω) = ‖ℓY(i(uˆ))(ω)‖Y (ω) = p(‖i(uˆ)‖)(ω)
= p(‖uˆ‖)(ω) = ‖ℓX (uˆ)(ω)‖X(ω),
i.e. Hω is an isometry. By the same argument with properties of vector-valued lifting
one yields that Hω is a homomorphism and {Hω(u(ω)) : u ∈M(Ω,X )} = M(Ω,Y).
Hence, X and Y are isometrically isomorphic.
Now assume that e is a unit in U , then e ∈ Ub. Since iω : Ub → X(ω) is a
homomorphism, then eω = iω(e) is a unit in X(ω) for all ω ∈ Ω. The proof is
complete. 
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An operator Φ : U → U is called mixing preserving if one has
Φ
(
∞∑
n=1
πnxn
)
=
∞∑
n=1
πnΦ(xn)
for any sequence (xn) in U and partition of unity (πn) in ∇.
As usual, by Inv(U) we denote the set of all invertible elements of the algebra U .
For a, b ∈ E a≫ b means that a(ω) > b(ω) for almost all ω ∈ Ω.
Proposition 2.3. Let U be a unital Banach–Kantorovich algebra over E. Then the
following statements hold true:
(i) if x ∈ U , ‖x‖ ≪ 1 then the element e− x is invertible and
‖(e− x)−1 − e‖ ≤ ‖x‖(1− ‖x‖)−1;
(ii) if x ∈ Inv(U), h ∈ U and 2‖h‖ ≪ ‖x−1‖−1 then x+ h ∈ Inv(U) and
(2.2) ‖(x+ h)−1 − x−1‖ ≤ 2‖x−1‖2‖h‖;
(iii) the mapping x ∈ Inv(U)→ x−1 is continuous and mixing preserving.
Proof. (i) By the inequality
∞∑
n=0
‖xn‖ ≤
∞∑
n=0
‖x‖n = (1− ‖x‖)−1
it follows that the series
∞∑
n=0
xn (bo)-converges to some y ∈ U . The sequence
(e− x)
k∑
n=0
xn = e− xk+1
simultaneously (bo)-converges to (e − x)y = y(e− x) and e, therefore, the element
y is inverse of e− x. Furthermore, we have
‖(e− x)−1 − e‖ =
∥∥∥∥∥
∞∑
n=1
xn
∥∥∥∥∥ ≤ ‖x‖(1− ‖x‖)−1.
(ii) Taking into account that x+ h = x(e + x−1h), ‖x−1h‖ ≤ ‖x−1‖‖h‖ ≪ 1 and
property (i) one finds x+ h ∈ Inv(U) and ‖(x+ h)−1 − x−1‖ ≤ 2‖x−1‖2‖h‖.
(iii) Inequality (2.2) implies that the mapping
x ∈ Inv(U)→ x−1 ∈ Inv(U)
is continuous.
Let (xn)n∈N ⊂ Inv(U) and let (πn)n∈N be a partition of the unity in ∇. Set
x =
∞∑
n=1
πnxn.
It is clear that
x
(
∞∑
n=1
πnx
−1
n
)
=
(
∞∑
n=1
πnx
−1
n
)
x = e.
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Therefore x−1 =
∞∑
n=1
πnx
−1
n . This yields that the mapping x ∈ Inv(U) → x
−1 is
mixing preserving. 
For every x ∈ U by sp(x) we denote the set of all a ∈ E for which the element
ae− x is not invertible.
Proposition 2.4. For every x ∈ U ≡ E(Ω,X ) the set sp(x) is non-empty.
Proof. Without loss of generality we can assume that ‖x‖ ≤ 1, because
sp(x) = {(1+ ‖x‖)a : a ∈ sp((1+ ‖x‖)−1x)}.
Then
‖ℓX (x)(ω)‖X(ω) ≤ 1
for all ω ∈ Ω. Hence, for each ω ∈ Ω there exists λω ∈ C, |λω| ≤ 1 such that
(2.3) λω ∈ sp(ℓX (x)(ω)).
Now suppose that sp(x) = ∅. Denote
D = {a ∈ E : |a| ≤ 1}.
Since the mapping a ∈ D → (ae − x)−1 is continuous and mixing preserving, then
there exists
sup{‖(ae− x)−1‖ : a ∈ D} = c ∈ E.
Now take a nonzero π ∈ ∇ with πc ∈ L∞(Ω). Then the set
Ω0 = {ω ∈ Ω : p(π)(ω) = 1}
has a positive measure. Fix ω ∈ Ω0. By definition we have
π‖(ae− x)−1‖ ≤ πc
for all a ∈ D. Therefore, π(ae − x)−1 ∈ L∞(Ω,X ) for every a ∈ D. Now applying
the lifting ℓX to the equality π(ae− x)
−1(ae− x) = πe one finds
ℓX (π(ae− x)
−1)(ω)(p(a)(ω)ℓX (e)(ω)− ℓX (x)(ω)) = ℓX (e)(ω).
This implies that the element p(a)(ω)eω−ℓX (x)ω) is invertible in X(ω) for all a ∈ D.
Due to properties of lifting p we obtain
{p(a)(ω) : a ∈ D} = {λω ∈ C : |λω| ≤ 1}.
So, every λω ∈ C with |λω| ≤ 1 does not belong to sp(ℓX (x)(ω)) for all ω ∈ Ω0. This
contradicts to (2.3), which yields the desired assertion. The proof is complete. 
By ∇ we denote the Boolean algebra of all idempotents of E. Let U be a unital
Banach–Kantorovich algebra over E, then the subalgebra
πU = {πx : x ∈ U}, π ∈ ∇, π 6= 0
is considered as unital with unit πe.
By spm(x) we denote the set of all a ∈ E such that for each π ∈ ∇, π 6= 0 one
has π(ae− x) /∈ Inv(πU). It is clear that sp(x) ⊂ spm(x).
Next result is a variant of the theorem about spectrum for elements of Banach–
Kantorovich algebra over E.
MEASURABLE BUNDLES OF BANACH ALGEBRAS 9
Theorem 2.5. For every x ∈ U the set spm(x) is nonempty, (o)-closed, cyclic and
bounded subset of E.
Proof. First we shall show that spm(x) is nonempty. Indeed, for a ∈ E we put
∇a = {π ∈ ∇ : π 6= 0, π(ae− x) ∈ Inv(πU)}.
Let πa =
∨
∇a. It is clear that πa(ae− x) ∈ Inv(πaU), and for every π ∈ ∇, π ≤ π
⊥
a
one has
(2.4) π(ae− x) /∈ Inv(πU).
Denote π0 =
∧
{πa : a ∈ E}. Assume that π0 6= 0. Then
π0(ae− x) ∈ Inv(π0U)
for all a ∈ E. But this contradicts to spmpi0U(π0x) 6= ∅. Therefore π0 = 0. Now we
can choose a sequence (an)n∈N ⊂ E such that
∞∧
n=1
πan = 0. Let us define
q1 = π
⊥
a1
, qn = π
⊥
an
∧ q⊥n−1, n > 1
and put a =
∞∑
n=1
qnan. Then (qn)n∈N is a partition of unity in ∇. Take any π ∈ ∇, π 6=
0. Then πqk 6= 0 for some k ∈ N. From the definition of qk one gets πqk ≤ π
⊥
ak
. So,
from (2.4) it follows that
πqk(ake− x) /∈ Inv(πqkU).
The equality πqka = πqkak implies that π(ae− x) /∈ Inv(πU). Hence, a ∈ spm(x).
Now let us show spm(x) is cyclic. Indeed, let (an)n∈N ⊂ spm(x), and (πn)n∈N be a
partition of unity in ∇. Denote a =
∞∑
n=1
πnan. Take any π ∈ ∇, π 6= 0. Then ππk 6= 0
for some k ∈ N. According to definition of πk we get
ππk(ake− x) /∈ Inv(ππkU).
Since ππka = ππkak, one finds π(ae− x) /∈ Inv(πU). Hence, a ∈ spm(x).
To show the closedness of spm(x) take a sequence (an)n∈N ⊂ spm(x) such that
an
(o)
−→ a. Assume that a /∈ spm(x). Then there exists π ∈ ∇, π 6= 0 such that
π(ae− x) ∈ Inv(πU). From an
(o)
−→ a, due to Proposition 2.3 (i) one can find n ∈ N
such that π(ane− x) ∈ Inv(πU). This contradicts to an ∈ spm(x). So, a ∈ spm(x).
Finally let us take an arbitrary element a ∈ spm(x). Suppose that the set
A = {ω ∈ Ω : |a(ω)| > ‖x‖(ω)}
has a positive measure. Due to Proposition 2.3 (i) we conclude that χA(ae − x) is
invertible in χAU . But this contradicts to a ∈ spm(x). Hence χA = 0 and |a| ≤ ‖x‖,
which implies the boundedness of spm(x). The proof is complete. 
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3. Applications
Next we shall prove a vector version of Gelfand–Mazur’s Theorem.
Theorem 3.1. Let X be a measurable bundle of banach algebras over Ω with a
lifting. If every element of the algebra E(Ω,X ) with unit support is invertible, then
E(Ω,X ) is isometrically isomorphic to E.
Proof. Let x ∈ E(Ω,X ). According to Theorem 2.5 there exists ax ∈ spm(x). Let
ex be the support of axe − x, i.e. ex is an indicator function of a measurable set
{ω ∈ Ω : ‖axe− x‖(ω) 6= 0}. The element ex(axe− x) + e
⊥
x e has unit support, and
therefore, it is invertible, i.e. one finds z ∈ E(Ω,X ) such that
(ex(axe− x) + e
⊥
x e)z = e.
Whence ex(axe−x) ∈ Inv(exE(Ω,X )). By ax ∈ spm(x) one gets ex = 0. This implies
that axe− x = 0, i.e. axe = x. Due to
‖x‖ = |ax|‖e‖ = |ax|,
we obtain the mapping x 7→ ax is an isometry from E(Ω,X ) onto E. For every
x, y ∈ E(Ω,X ) one has xy = axeaye = axaye. Hence, the correspondence x 7→ ax is
isometrically isomorphism from E(Ω,X ) onto E. The proof is complete. 
Next we are going to prove an other vector version of characterization of the field
C in the setting Banach algebras (see [18, Theorem 10.19]).
Theorem 3.2. Let X be a measurable bundle of banach algebras over Ω with a
lifting. If there exists m ∈ E such that ‖x‖‖y‖ ≤ m‖xy‖ for all x, y ∈ E(Ω,X ) then
E(Ω,X ) is isometrically isomorphic to E.
Proof. Let us consider the following two cases.
Case 1. Let m ∈ L∞(Ω). Then there exists c ∈ R such that m ≤ c1. Hence
‖x‖‖y‖ ≤ c‖xy‖
for all x, y ∈ E(Ω, X).
Let us fix a point ω ∈ Ω. Applying the lifting p on L∞(Ω) to the last inequality
we obtain
p(‖x‖)(ω)p(‖y‖)(ω) ≤ cp(‖xy‖)(ω).
Taking into account this inequality and property 6 of ℓX we get
‖ℓX (x)(ω)‖X(ω)‖ℓX (y)(ω)‖X(ω) ≤ c‖ℓX (x)(ω)ℓX(y)(ω)‖X(ω).
This implies that
‖xω‖X(ω)‖yω‖X(ω) ≤ c‖xωyω‖X(ω)
holds for all xω, yω ∈ X(ω). According to Theorem 10.19 [18] we conclude that
X(ω) is isomorphic to C. Now Theorem 2.2 yields that E(Ω,X ) is isomorphic to
E. Hence, for each x ∈ E(Ω,X ) one finds ax ∈ E such that x = axe. The same
argument as in the proof of Theorem 3.2 one can show that the correspondence
x 7→ λx is isometrically isomorphism from E(Ω,X ) onto E.
Case 2. Let m ∈ E be arbitrary. Putting x = y = e to the inequality ‖x‖‖y‖ ≤
m‖xy‖ implies that m ≥ 1. For each n ∈ N we put
Ωn = {ω ∈ Ω : n ≤ m(ω) < n+ 1}, πn = χΩn .
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Then
∞∨
n=1
πn = 1 and πnm ≤ πn(n+1) for all n ∈ N. Hence, for every x, y ∈ E(Ω,X ),
n ∈ N one has
πn‖x‖‖y‖ ≤ πn(n + 1)‖xy‖.
The Case 1 yields that πnE(Ω,X ) is isometrically isomorphic to πnE. Due to con-
struction we have
∞∨
n=1
πn = 1 and πiπj = 0 (i 6= j), which implies that E(Ω,X ) is
isometrically isomorphic to E. The proof is complete. 
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